We prove that the variety of Lie algebras arising from splicing operation coincides with the variety CM of centreby-metabelian Lie algebras. Using these Lie algebras we find the minimal dimension algebras generated the variety CM and the variety of its associative envelope algebras. We study the splicing n-ary operation. We show that all n-ary (n>2) commutator algebras arising from this operation are nilpotent of index 3. We investigate the generalization of the splicing n-ary operation, and we formulate a series of open problems.
Introduction
The splicing operations play a significant role in mathematical genetics and formal languages theory (see, e.g., [12, 13] ). They were introduced by Head [8] as a model of recombinant behavior of DNA. Note, that the splicing operations are the principal operations in any genetic algorithm (see [9] ). The algebraic formalization of binary splicing operation was proposed by Bremner [3] . The -ary splicing operation were introduced in [16] .
Here and subsequently, F denotes a field of characteristic 0. For an arbitrary algebra A over F , we will denote by V (A) the variety of algebras generated by A, e.g. the class of algebras are satisfied of all identities of A. For a commutator and a Jordan (symmetrized) product, we use the following standard notation [ ] = − • = + Let A be an arbitrary -ary algebra over F with -ary multiplication 1 ∈ A. We will denote by
σ ( ) * E-mail: SverchkovSR@yandex.ru , respectively), and it will be called commutator (or symmetrized, respectively) algebra. It is well known that A (−) is a Lie algebra and A (+) is a Jordan algebra if A is an associative binary algebra.
Let M be a variety of -ary algebras. Set M (+) = V (A (+) A ∈ M), M (−) = V (A (−) A ∈ M). The varieties M (+) , M (−) naturally generalize the dual classes of Lie and Jordan algebras to -ary nonassociative case.
In the theory of DNA computing the symmetrized splicing operations on formal languages are actively studied which model chromosomes recombination (see [11] for more details). Those symmetrized operations are called the operations of intermolecular recombination. The approach to study the symmetrized splicing operations through the theory of nonassociative algebras was firstly introduced by Bremner [3, 4] . The explicit bases of identities defined by those operations were found in [15, 16] . Moreover, it was also proved that any algebra defined by those identities is a special algebra, i.e. it is subalgebra of A (+) for an algebra A defined by the splicing operations. In [15] , the basis of free algebra of the variety V (A (+) ) was constructed, and the minimal algebras generated V (A (+) ) were found. The results mentioned above relate only properties of the symmetrized algebras. It is natural to try to expand the similar approach to the variety V (A (−) ).
The general purpose of this paper is to investigate the algebraic structure of the commutator algebras arising from splicing operations. We are interested in finding the explicit bases of identities defined by those operations and the minimal dimension algebras generated the variety of all those algebras.
Definition 1.1.
Let A be the F -vector space with the basis ∈ N. We will define the splicing operation on A determined on basis elements by
and extended bilinearly to all of A. We will denote by C the obtained algebra. It is easy to check that the splicing operation is associative, i.e. ( ) = = ( ). Therefore C is an associative algebra. The algebra C = A + is called the standard splicing algebra. In [15] , it was proved that every identity of C follows from the associative identity and the identity [
Algebras of the variety S = V (C ) are called splicing algebras. We will denote by L = C (−) = C + [ ] the Lie algebra arising from DNA recombination or standard L-algebra for short.
Definition 1.2.
The -ary F -algebra C with the basis (   1 1  2 2 ), 1 2 ∈ N and multiplication table ) is called the standard splicing -algebra. We call the operation 1 2 the -ary splicing operation.
The defining identities of -ary splicing operation are described in [16] . All identities of the algebra C are consequences of the next (2 − 1) identities:
Let us note that the first ( − 1) identities are nearly associative. There are several generalizations of the notion of associativity of -ary operation (total associativity, partial associativity, σ -total associativity and etc.). The best general reference here is [6] . A -ary operation 1 is called totally associative (σ -total associative) if
It is easy to check that defined -ary splicing operation is not associative in the sense of the definitions [6] . We restrict ourselves to check the total and σ -total non-associativity for = 3; the other cases are left to the reader. We have 5 . From this we conclude that the -ary splicing operation is not total or σ -total associative.
The skew-symmetrization of (3) defines the complete skew-symmetric -ary operation
We will denote by C (−) the new algebra with operation (4). Obviously, that the algebra
We call C (−) -ary commutator DNA algebras.
The main purpose of this paper is to investigate the identities and the varieties generated by DNA Lie algebra L = C (−) = C + [ ] and -ary commutator DNA algebras
By definition, the algebra L has basis ∈ N and the multiplication table
The algebras of the variety V (L) are called L-algebras. We will denote by C M the varieties of the centre-by-metabelian Lie algebras, i.e. the algebras satisfy the identity
Let us shortly review main results of this paper. All algebras in this work are over a field F of characteristic 0. One of the main results of the present paper is the following
Theorem 1.

The variety of all L-algebras coincides with the variety of the centre-by-metabelian Lie algebras, i.e. V (L) = C M.
Consequently, all identities of algebra L without restrictions on degree are consequences of single identity (6).
We will denote by C ( ) C ( ) ⊂ C ; ∈ N the subalgebras of C with the basis ; 1 ≤ ≤ 1 ≤ ≤ and ; 1 ≤ ≤ ∈ N, respectively. These algebras are called the standard splicing algebras.
Consequently, the standard splicing algebras define the standard DNA Jordan algebras:
and standard DNA Lie algebras:
The algebras from V (J) are called the Jordan algebras of DNA recombination.
For example, the algebra C ( 2 2 The algebra J(1 2) has the basis = 
The standard algebras define naturally the structure of the varieties of DNA algebras V (C ), V (J) and V (L). By definition, we have
A trivial verification shows that the variety V (J (1 1)) is the class of all associative-commutative algebras.
Author proved [15] that
and all those varieties are define by single identity
It means that gametic algebra for simple Mendelian inheritance has single defining identity and it generates the variety of all Jordan algebras of DNA recombination. Let us denote by M the variety of all metabelian Lie algebras, i.e. the class of all Lie algebras satisfy the identity
In the case of the Lie algebras of DNA recombination we prove the following structure of the varieties generated by the standard algebras.
Theorem 2.
Note, that the variety V (L (1 1)) is the trivial variety of Lie algebras with zero multiplication.
Theorem 2 may by summarized by saying that the variety of DNA Lie algebras is generated by the 4 dimensional standard algebra L(2 2). It is natural to try to find a minimal dimension algebra of V (L), which generates the whole variety V (L). Note, that these algebras are not necessarily the standard algebras. In this connection we have the following definition.
Definition 1.3.
Let Mbe a variety of F -algebras. An algebra A ∈ M is called a minimal algebra in the variety M if M = V (A) and A has the minimal dimension over F . A number (may be infinite) = dim F (A) is called A -dimension of the variety M over F and this number will be denoted by = dim A (M).
For example, it is well known [17] that the A -dimension of the variety of associative algebras is infinite. From (7) it follows that the gametic algebra J(1 2) for simple Mendelian inheritance is a minimal DNA Jordan algebras. Hence dim A (V (J)) = 2. By using DNA Lie algebras we find a minimal centre-by-metabelian Lie algebra.
Theorem 3.
The algebra L(2 2) is a minimal C M Lie algebra and dim
In case of splicing algebras we prove that the algebra C (2 2) is a minimal algebra in the variety of all splicing algebras.
Theorem 4.
dim A (V (C )) = 4.
In 1985 Filippov [5] introduced the notion of -ary Lie algebra which is a natural generalization of Lie algebra to the -ary case. Later there has been an increasing interest of developing the various -ary generalization of Lie algebra and their applications in -body mechanics, quantum physics, geometry; mathematical genetics and etc. A detailed survey on -ary generalizations of Lie algebras and their applications in physics have been given by de Azcárraga and Izquierdo [1] .
Definition 1.4.
The -ary skew symmetric F -algebra L is called -Lie (or Filippov) algebra if the following identity holds
In Section 4 it is shown that all identities of -ary commutator DNA algebras ( ≥ 3) follow from nilpotency of index 3. It is obvious that any skew symmetric -ary algebra nilpotent of index 3 is -Lie. For this reason all algebras C (−) , ≥ 3 are trivially -Lie algebras.
Theorem 5.
The -ary commutator DNA algebras C (−) , ≥ 3 is a nilpotent algebra of index 3.
Section 5 is intended to motivate the generalization of the splicing -ary operation. These operations leave a lot of room for investigations, and they define the approach for further research. Theorem 6 gives a series of examples of totally associative -ary generalized splicing operations. In the context of the generalization of the splicing -ary operation we formulate a group of open problems.
All proofs in the present paper are made without using of a computer. The methods used and techniques of the defining identities of the varieties of algebras can be found in the book [17] .
Basis of identities of the algebra L
We will denote by A , 
Proof. It is sufficient to prove that the identity (6) is valid in the algebra L. It is easily seen that [[[ ] [ ]] ] ∈ T ( [ ] )
. But the identity (2) is valid in C (see [15] ), hence (6) is an identity in L.
Our next claim is that LD = C M. We will use Mishenko's description [10] 
The variety of all L-algebras coincides with the variety of the centre-by-metabelian Lie algebras, i.e. V (L) = C M.
Proof. By the including of subalgebra L(2 2) ⊂ L and Proposition 2.1, it follows that
Hence it is sufficient to prove the equality V (L(2 2)) = C M. On account the above remark, it remains to prove that the variety V (L(2 2)) is not nilpotent and neither (9) nor (10) is valid in the standard Lie algebra L(2 2).
Let us consider the identity (9 Hence (9) and (10) are not identities in L(2 2) and
Theorem 2. 
Proof. For the first statement of theorem, in view of
is not nilpotent algebra. By Mishenko's results [10] and the last relation, it has the single defining identity (8) .
of theorem is a consequence of Theorem 1.
Minimal algebras of varieties C M and S
Our next goal is to prove that the algebra L(2 2) is a minimal algebra in the variety C M.
Lemma 3.1.
If A is a solvable Lie algebra and dim
Proof. We will use the De Graaf [7] 
Corollary 3.2.
If A ∈ S = V (C ) and dim
Proof. By (2) , the algebra A (−)
is a Lie solvable algebra. Consequently, by the lemma, we obtain A (−) ∈ M.
Theorem 3.
The algebra L(2 2) is a minimal C M Lie algebra and dim
Proof. By the Theorem 2, we have V (L(2 2)) = C M. By definition, we have dim F (L(2 2)) = 4. Lemma 3.1 now
shows that the algebra L(2 2) is a minimal C M Lie algebra.
Now we are going to prove that the algebra C (2 2) is a minimal algebra in the variety of all splicing algebras.
Lemma 3.3.
V (C (1)) = V (C (1 )) ≥ 2 and they are defined by the single identity
Proof. It is easy to check that (11) is an identity in the algebra C (1); so is in C ( in the algebra C (1 2) for some γ ∈ F . Hence α = 0 for all1 ≤ ≤ . We thus get = ∈ T ([ ] ) and the identity = ( 1 ) is a consequence of (11) . By the chain of inclusions C (1 2) ⊆ C (1 ) ⊂ C (1) it follows that all identities of the algebras C (1 ) 1; C (1) are a consequences of (11) 
Let us prove the second statement of theorem. Let = ( 1 ) be a polylinear identity in C (2 2). In much the same way as in the previous proof, applying (2) we can rewrite = ( 
We are now in a position to show that the algebra C (2 2) is a minimal algebra in the variety of all splicing algebras.
Theorem 4.
Proof. By the lemma above, we havedim A (V (C )) ≤ 4. Suppose contrary to our claim, that dim A (V (C )) < 4.
Then there exists an algebra A ∈ V (C ), dim F (A) ≤ 3 and V (A) = V (C ). From (2) we conclude that A (−) is a solvable Lie algebra. Therefore A (−) ∈ M by Lemma 3.1. Consequently, the identity (8) is valid in the algebra C and C (−) ∈ M. This contradicts to Theorem 1.
-ary commutator DNA algebras
In this section we will examine the identities of -ary algebras C (−) , ≥ 3 Proposition 4.1.
In algebras C ≥ 3 the following identities are valid:
Proof. Let = ( (14) . By equality (16) and the definition we have
( 11 12
This proves (15) and the proposition.
Theorem 5.
The algebra C (−) is a nilpotent -ary algebra of index 3.
Proof. Let = ( By (14) , (15) we have
0; (17)
General -ary splicing operations. Comments and open problems
The -ary splicing operation defined by (3) is only a special case of generalized splicing operations. Their basic concept of generalization is the following. The result of spliced strings is a linear combination of rows of the following type. Each row starts with the beginning of the first string, and it ends with the ending of the last string. The theory of generalized splicing operations, being an extension of binary splicing, leaves a lot of room for investigations.
Let us give an algebraic formalization of generalized splicing. Let
of the fixed numbers α
Definition 5.1.
The -ary operation S ( α) on X is defined by
for ∈ X , is called the generalized splicing operation. The F -linear space X with -ary multiplication S ( α) is called the generalized splicing algebra and it will be denoted by A( α).
One can see that S (2 2 1) is usual binary splicing operation. From (3) we have For this reason the standard splicing -ary operation is a particular case of the generalized splicing operation. As we have already seen in Section 1, the standard splicing -ary operation is not totally associative for ≥ 3. One can give a series of examples of totally associative -ary generalized splicing operations.
Definition 5.2.
The -ary operation A ( ) on X is defined by
for ∈ X , is called the alternating splicing operation. The F -linear space X with -ary multiplication A ( ) is called the alternating splicing algebra and it will be denoted by A( ). We find the necessary and sufficient conditions for the total associativity of the algebra A( ).
Theorem 6.
The -ary algebra A( ) is totally associative if and only if
Proof. The proof is straightforward. We give the proof only for case = 3; the other cases are treated similarly and are left to the reader. Throughout the proof, Therefore T 1 = T 2 = = T Consequently, the algebras A(2 3) ≥ 1 are not totally associative.
The binary splicing operations have extensive applications in the formal languages theory, mathematical biology, DNA computing (see for instance [12, 13] ). We hope that the -ary splicing operations developed in this paper will turn out to be beneficial in future DNA computing applications and mathematical biology. From algebraic point of view, there are many open questions related to these operations. We mention some of them.
Find necessary and sufficient conditions for the generalized splicing operation S ( α) to be totally associative (partial associative, σ -total associative); for commutator of S ( α) to be -Lie.
Find a basis of identities for the -ary algebra A ( )(A ( ) (−) ,A ( ) (+) ).
Let V , V (−) , V (+) be the variety of all -ary algebras, be the variety of all anti-commutative -ary algebras, be the variety of all commutative -ary algebras. .
It is easily seen that any generalized splicing -ary operation S ( α) on X defines an splicing operation S ( + 1 β) on X +1 by rule 
